Abstract. A second order numerical method for the primitive equations (PEs) of large-scale oceanic flow formulated in mean vorticity is proposed and analyzed, and the full convergence in L 2 is established. In the reformulation of the PEs, the prognostic equation for the horizontal velocity is replaced by evolutionary equations for the mean vorticity field and the vertical derivative of the horizontal velocity. The total velocity field (both horizontal and vertical) is statically determined by differential equations at each fixed horizontal point. The standard centered difference approximation is applied to the prognostic equations and the determination of numerical values for the total velocity field is implemented by FFT-based solvers. Stability of such solvers are established and the convergence analysis for the whole scheme is provided in detail.
1.
Introduction. The primary purpose of this article is to give a detailed convergence analysis of a second order numerical method for the three-dimensional primitive equations (PEs) of large scale oceanic flow formulated in mean vorticity, using regular numerical grid.
The primitive equations (PEs) stand for one of the most fundamental governing equations for atmospheric and oceanic flow. A detailed derivation can be found at J. Pedlosky [19] , J. L. Lions, R. Temam and S. Wang [12, 13, 16] , etc. This system is derived from the 3-D incompressible NSEs under Boussinesq assumption that density variation is neglected except in the buoyancy term, combined with the asymptotic scaling such that the aspect ratio of the vertical to the horizontal length scale is small. The most distinguished feature of the PEs is that the hydrostatic balance replaces the momentum equation for the vertical velocity. As a result, the fast wave with respect to gravity effect is filtered out.
It is observed that the pressure gradient, the hydrostatic balance, are coupled together with the incompressibility of the 3-D velocity field u. In addition, the vertical velocity has to be determined by an integration formula in terms of the divergence of the horizontal velocity field, since there is no momentum equation for the vertical velocity. As a result, the degree of nonlinearity of the primitive equations is even higher than that of the usual 3-D Navier-Stokes equations, due to lack of regularity for the vertical velocity field. Such nonlinearity is one of the main difficulties of the 3-D PEs, in both the PDE level and numerical analysis.
The PDE analysis for the PEs can be found in earlier literatures [9, 10, 12, 13] , etc. In those works the system is proven to be well-posed. Regarding the numerical issues, some computational methods based on velocity-pressure formulation have been proposed and analyzed in recent articles; see [22, 23] , etc.
On the other hand, the development of a corresponding vorticity formulation for 3-D geophysical flow has not been as well studied. In the context of the 3-D PEs, the starting point of the vorticity formulation is the following: the averaged horizontal velocity field with respect to the vertical direction is divergence-free, namely (2.4) below. This allows the concept of a mean vorticity and mean stream function to be introduced so that the kinematic relationship between the two takes the form of a 2-D Poisson equation. In addition, by taking the vertical derivative to the original momentum equation and applying the hydrostatic balance, one can convert the pressure gradient into a density gradient, resulting in an evolution equation for v z . Thus, the entire PE system can be reformulated in terms of an evolution equation for the mean vorticity together with regular evolution equations for the density and v z . The total velocity in horizontal direction is then determined via a combination of its vertical derivative and its average from the top and bottom, which are updated using the dynamic evolution equations. The vertical velocity is then recovered from a second order ODE with homogeneous boundary conditions at the top and bottom at each fixed horizontal point. The above equations form an equivalent formulation of the PEs, namely the mean vorticity formulation. This formulation was reported in [27] . The derivation of the reformulation is reviewed in Section 2.
In Section 3, a second order centered-difference method based on the PEs formulated in mean vorticity is proposed and discussed in detail. The prognostic variables, including the mean vorticity field, the profile v z and the density field, are updated by finite difference schemes applied to the dynamic equations. In turn, the total velocity field, both horizontal and vertical, are recovered by the mean velocity field and the dynamic variables v z = (ξ, ζ), using FFT-based solvers. The mean vorticity field on the lateral boundary are determined by the mean stream function field through a local formula. It can be seen that the regular numerical grid can be used for all physical variables, thus avoiding a more complicated staggered grid, such as 3-D MAC grid utilized in [22] . This is one of the main advantages of the mean vorticity formulation.
The basic idea of the convergence analysis for the proposed numerical scheme for the PEs in this alternate formulation is similar to that in [28] . There the 2-D NSEs formulated in terms of the vorticity are investigated. However, additional techniques are required due to special features of the reformulated PEs. The most distinguished feature of the numerical method is that the velocity field is not directly updated by an evolution equation. In Section 4, the accuracy analysis of the solvers for the velocity field is given. It is proven that the total velocity field u = (v, w) generated by the scheme has the second order accuracy in W 1,∞ norm. In addition, lack of regularity for the vertical velocity in the PEs requires a more subtle consistency analysis. That is the main reason why the regularity requirement for the exact solution in Theorem 3.1 is higher than that in [28] , where the usual 2-D NSEs are discussed. The details of the consistency analysis is given in Section 5. In the leading order expansion, the exact profile of the mean stream function and (ξ, ζ) are given, with the mean velocity and mean vorticity field determined by the finite differences of the mean stream function, and the approximate velocity profiles are constructed via the numerical procedure given in Section 3. Moreover, an O(h 2 ) correction is added to the exact density profile to satisfy the discrete boundary condition to higher order. Due to the W 1,∞ accuracy of the constructed velocity field, it is shown that the approximate solutions satisfy the numerical scheme of the PEs in the alternate formulation up to O(h 2 ) error, including the boundary. Furthermore, higher order expansion is used so that the approximated solutions satisfy the numerical scheme up to O(h 4 ) order. That makes possible the recovery of the L ∞ a-priori assumption, for both the horizontal and vertical velocity fields in the full nonlinear PE system, through the use of inverse inequalities in a 3-D setting.
Stability and error estimates are provided in Section 6, which show full second order convergence of the numerical scheme in L 2 norm. The analysis is based on the energy estimates for the error functions of the mean velocity, the profile (ξ, ζ) and the density. Standard summation by parts is applied on the regular numerical grid, with a careful treatment of the boundary conditions for the different physical variables. The inverse inequality is used to recover the L ∞ a-priori assumption for the numerical velocities.
2. Review of the mean vorticity formulation for the primitive equations. The non-dimensional primitive equations for the atmosphere and ocean can be written in terms of the following system under proper scaling:
supplemented with the initial data
In the system (2.1), u = (v, w) = (u, v, w) is the 3-D velocity vector field, v = (u, v) the horizontal velocity, ρ the density field, p the pressure, Ro the Rossby number. The term f k × v corresponds to the Coriolis force in its β−plane approximation with f = f 0 + βy. The parameters Re 1 , Re 2 represent the Reynolds numbers in horizontal and vertical directions respectively, which reflect different length scales and may also reflect the effects of eddy diffusion. Similarly, 4) which comes from the integration of the continuity equation and the boundary condition for w at z = 0, −H 0 , we arrive at the conclusion that the mean velocity
The incompressibility of v in the horizontal plane results in an introduction of the mean stream function ψ, which is a 2-D field, such that
The Dirichlet boundary condition v | ∂M0 = 0 (because of the boundary condition for v on the lateral boundary section in (2.3b)) amounts to saying
Accordingly, the mean vorticity is defined as
Therefore, the kinematic relationship between the mean stream function and the mean vorticity can be expressed as the following 2-D Poisson equation
Note that there are two boundary conditions for ψ, including both Dirichlet and Neumann, as in (2.7). This issue will be discussed below.
2.2.
The reformulation of the PEs. We have the following system of the PEs formulated in mean vorticity.
Mean vorticity equation
                   ω t + (∇ ⊥ ·∇·) v ⊗ v + β Ro v = ν 1 ω + 1 H 0 ∇ ⊥ ·τ 0 , ψ = ω , ψ = 0 , ∂ψ ∂n = 0 , on ∂M 0 , v = ∇ ⊥ ψ = (−∂ y ψ, ∂ x ψ) , (2.10a) Evolutionary equation for v z = (ξ, ζ)                      v zt + uξ x + vξ y + wξ z − v y ξ + u y ζ uζ x + vζ y + wζ z − u x ζ + v x ξ + f Ro k × v z − 1 Ro ∇ρ = ν 1 + ν 2 ∂ 2 z v z , v z | z=0 = 1 ν 2 τ 0 , v z | z=−H 0 = 0 , v z = 0 , on ∂M 0 × [−H 0 , 0] , (2.10b)
Recovery of the horizontal velocity
∂ z u = ξ , ∂ z v = ζ , 1 H 0 0 −H 0 v dz = v . (2.10c)
Recovery of the vertical velocity
Density transport equation
The detailed derivation of the above reformulation can be found in [27] . The mean vorticity equation (2.10a) is obtained by taking the curl operator ∇ ⊥ · to the average of the momentum equation in (2.1). The average of the velocity tensor product v ⊗ v is defined as 11) and the nonlinear convection term in (2.10a) can be rewritten as
It should be noted that (2.10a) is not a closed system for the mean profiles ω, ψ, v, since the nonlinear convection term v ⊗ v is not equal to v ⊗ v.
Taking the vertical derivative of the momentum equation leads to system (2.10b) for v z = (ξ, ζ), with Dirichlet boundary condition on all boundary sections.
With the combined data of v and v z at hand, which can be obtained by solving (2.10a), (2.10b), respectively, the horizontal velocity field can be determined by (2.10c), a system of ordinary differential equations.
In addition, by taking the vertical derivative of the continuity equation ∇ · v + ∂ z w = 0, we arrive at (2.10d), a system of second order ODE for the vertical velocity with the vanishing Dirichlet boundary condition. Both (2.10c) and (2.10d) can be solved at any fixed horizontal point (x, y).
3.1. The numerical scheme. The application of second order centered-difference approximations to the reformulated PEs (2.10) leads to the following system. For simplicity of presentation below we set τ 0 = 0. 3.2. Local boundary condition for the mean vorticity. The difficulty of the treatment of the mean vorticity equation is similar to that of the standard 2-D NSEs formulated in vorticity-stream function. There are two boundary conditions for ψ, including both Dirichlet and Neumann, as shown in (2.10a); while there is no explicit boundary condition for the vorticity, which is needed in the scheme (3.2a) . A similar procedure is adopted to overcome this difficulty. First, the interior value of mean vorticity is updated by using (3.2a) with all the terms, including the nonlinear term, viscosity term and Coriolis term, treated explicitly. Subsequently, the mean stream function is solved by the implementation of the Dirichlet boundary condition ψ = 0 on ∂M 0
where only Sine transformation is needed. It can be seen that the Neumann boundary condition, ∂ψ ∂n = 0, cannot be enforced directly. Yet, it could be converted into the boundary condition for mean vorticity ω. Motivated by the fact that ψ | ∂M0 = 0, we have the approximation for the mean vorticity on the boundary (say on Γ x , j = 0)
where (i, −1) refers to a "ghost" grid point out of the computational domain. Taking the approximation identity
a second order normal boundary condition for (∂ y ψ) i,0 = 0, we arrive at Thom's formula
A similar derivation can be found in [26] .
The vorticity boundary condition can also be determined by other approximation of ψ i,−1 . For example, using a third order one-sided approximation for the normal boundary condition ∂ψ ∂n = 0 gives
The substitution of (3.6) into the difference formula
A crucial point worthy of mention is that Thom's formula is only first order accurate for ω on the boundary, while Wilkes' formula gives second order accuracy, by formal Taylor expansion. More sophisticated consistency analysis assures that both formulas combined with second order centered difference scheme is indeed second order accurate. See the relevant analysis of the 2-D NSEs in [8, 28] . This article will give a detailed analysis of such boundary condition in the context of 3-D PEs.
3.3. Recovery for the horizontal velocity field. The remaining work focuses on the discrete recovery of the horizontal and vertical velocity field, based on the differential equations (2.10c, d), which play a role of bridge between the total velocity field and the dynamic variables ω, ξ, ζ. Such a discretization is given by the numerical scheme (3.2c), which forms a linear system to solve for
Note that for either velocity component, there are N + 1 unknowns:
..N at each fixed horizontal point (i, j), yet there are only N equations: N − 1 in the first equation and 1 in the second one. Meanwhile, the last equation in (3.2c) only provides a choice for the numerical value for v at "ghost" computational points. We will give a methodology to overcome this difficulty below, and the second order accuracy (up to its finite difference) will also be shown.
System (3.2c) can be solved by using FFT. The Neumann type boundary condition (in a discrete level) for v at k = 0, N suggests making Cosine transformation in z direction for each fixed grid (i, j), i.e.,
Clearly the the horizontal velocity field satisfies the boundary condition in (3.2c). Then the remaining work focuses on the determination of the Fourier modesv i,j,l , l = 0, 1, ...N z , at each fixed grid point (i, j) by utilizing the difference equation and the constraint in (3.2c) for the mean velocity field. The application of the centered difference operatorD z to each basis function in the Fourier expansion gives
in which the coefficient f l turns out to be
The insertion of (3.9) into (3.8) results in
(3.10) Meanwhile, the homogeneous Dirichlet boundary condition for ξ, ζ at k = 0, N implies their Sine transformation in Fourier space
The comparison of (3.10) with (3.11) shows that the difference equation (3.8) is exactly satisfied if we set
with f l given by (3.9b).
To obtain the 0-th Fourier mode coefficient for v at each fixed grid point (i, j), we note that the substitution of (3.8) into the constraint (3.2c) leads to 13) due to the property that the basis functions cos klπh have vanishing discrete average in the vertical direction, for l = 1, 2, ...N z , provided that N z is even. A direct indication of (3.13) giveŝ
In addition, it is well-known that the Fourier mode coefficientv i,j,l decays exponentially as l increases to N z under suitable regularity assumption for the velocity field. As a result, the coefficientv i,j,N can be set to be 0, i.e.,
Therefore, the combination of (3.8), (3.11), (3.12), (3.14) and (3.15) gives the procedure to solve for (3.2c). 16) which are non-zero. Hence (3.2d) is a non-singular linear system at each fixed horizontal grid point. Such system can be solved by using FFT in vertical direction. 
Their L 2 norms in 3-D can be defined accordingly. 
Notation 3.2 For any pair of variables f , g which are evaluated at the 2-D mesh
where the constant C depends only on the regularity of the exact solution
The PDE analysis of the PEs can be found in some recent articles. In [12, 13] by J. L. Lions, R. Temam and S. Wang, global existence of weak solutions (in
were established. In addition, a unique global strong solution was proven to exist under a small depth assumption (i.e., H 0 ≤ 0 , where 0 is a critical value depending on the physical parameters, such as ν, κ, f 0 , β, etc.) in [10] by C. Hu, R. Temam and M. Ziane. The regularity assumption (3.19) for the exact solution is valid by local estimates if the initial data is smooth and the domain M is regular enough. See some relevant discussions in [1, 2, 7, 9, 13] , etc. Yet, it should be noted that the exact solution does not generally satisfy (3.19) in a cubic domain, which is a shortcoming of all convergence proofs for finite difference methods. Nevertheless, in many cases, such as periodic oceanic flow (in horizontal direction) or geophysical flow in which the lateral boundary layer is not dominate, the solution does possess the required regularity.
The assumption (3.19) is required for the convergence analysis, in particular for the estimates involving high order expansions which arise in the consistency analysis. Although such an assumption is not optimal, the convergence theorem provides theoretical evidence for the performance of the proposed numerical scheme.
The basic methodology of the convergence analysis is similar to that in [28] , in which the 2-D NSEs formulated in term of the vorticity were investigated. The Strang convergence theorem [25] states that if a solution of a nonlinear hyperbolic system is sufficiently smooth and the linearization of the corresponding numerical scheme is L 2 stable then the scheme for the nonlinear problem is strongly convergent. Such an idea can be generalized to analyze the nonlinear system of fluid equations, such as the NSEs or the PEs. More precisely, we can achieve the convergence result by the following procedure: first, construct approximate profiles based on the exact solution so that these profiles satisfy the numerical scheme up to a local truncation error; then provide an estimate for the error functions, which comes from the L 2 stability of the linearized scheme. Additional techniques are needed to analyze (3.2), due to special features of the reformulated PEs. Since the velocity field is not directly updated by an evolution equation, an estimate of the solvers for the velocity field is necessary to the convergence analysis. It is proven in Section 4 that the total velocity field u = (v, w) generated by (3.2c), (3.2d) has the second order accuracy in W 1,∞ norm. Also, lack of regularity for the vertical velocity in the PEs results in a more subtle consistency analysis in Section 5 which is the main reason why the regularity requirement (3.19) for the exact solution is higher than that in [28] , where u e ∈ L ∞ (0, T ; C 5 ,α ) was imposed. Subsequently, stability and error estimates are given in Section 6, which show the full second order convergence of the numerical scheme.
4. Analysis of the solvers to determine the velocity field. One prominent feature of the PEs formulated in mean vorticity is that the velocity field is not directly updated by evolution equations. Instead, the mean vorticity field and the profile ∂ z v = (ξ, ζ) are dynamic variables, as can be seen in (2.10a), (2.10b). In turn, the horizontal and vertical velocity field are determined by the system of ODEs (2.10c), (2.10d). The solvers to recover horizontal and vertical velocities stand for the discrete realization of such recovery procedure. In this section we give an accuracy analysis of the procedures. In more details, we are going to show that the total velocity field u = (v, w) generated by the two procedures does have the second order accuracy if the exact values of (ξ, ζ) and v are given.
4.1. Analysis of the solver for the vertical velocity. At each grid point
(4.1)
Meanwhile, local Taylor expansion for the exact solution reads
at (x i , y j , z k ). Then we arrive at
in which the last equality is due to the fact that
Analogous to (3.2d), the following system of difference equations satisfied by the exact solution can be derived D 5) in which f w ≤ C v e C 5 and the vanishing boundary condition for the exact vertical velocity field is used. Subtracting (3.2d) from (4.5) and denoting the error function as
we obtain the error system
Due to the homogeneous Dirichlet boundary condition forw at k = 0, N , we apply the maximum principle to (4.7) and get
represents the discrete L ∞ norm at the given grid point (i, j). As a result, if the numerical values of ξ and ζ are given as the same as the exact solution, i.e.,
the second order accuracy in L ∞ norm for the solver (3.2d) is preserved
In addition, we need to consider the discrete gradient (in horizontal direction) ofw. Similar results to (4.10) can be derived (the detail is omitted) 
, and define the "ghost" computational point values for V e = (U e , V e ) by applying the no-flux boundary condition in a discrete level in the same way as in the last equation of (3.2c): 
at (i, j, k) with 1 ≤ k ≤ N − 1. In addition, the trapezoid rule (3.1) is of second order accurate, thus we have
Subtracting (3.2c) from (4.13)-(4.15) and denoting the error functions
we arrive at the following system
17) with the local truncation error terms
As a result of its boundary condition given by (4.17), the Cosine transformation in z direction can be made forṽ at each fixed horizontal (i, j)
The Parseval equality shows that
(4.20) 23) due to the property that the basis functions cos klπh have vertically vanishing discrete average for l = 1, 2, ...N z , provided that N z is even. The combination of (4.23) and (4.17) gives us
To deal with the termsû i,j,l ,v i,j,l for 1 ≤ l ≤ N − 1, we take the centereddifferenceD z operator toṽ represented in Fourier expansion (4.19) , and arrive at
for 1 ≤ k ≤ N − 1, by using the same arguments in (3.10) and the coefficients f l given in (3.9b). Again, the Parseval equality gives
Moreover, it is straightforward to verify that
The combination of (4.27) and (4.26) shows that
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Moreover, the application of the first two equations in (4.17) indicates
The combination of (4. , j) ) of the error function for the horizontal velocity
2 norm at the given grid point (i, j). Therefore, if the numerical values of ξ, ζ, u, v are given as the same as the exact solution, the second order accuracy for system (3.2c) can be derived
In addition, we notice that
As a result,
The combination of (4.31) and (4.33) shows that
where discrete Sobolev inequality is used. Similar to (4.11), the discrete gradient (in horizontal direction) ofṽ can be estimated as
Consequently, we get
The combination of (4.36) and (4.34) results in
37) since both estimates are valid for each fixed grid point (i, j). Similar estimate can be applied to the second order difference operator of the horizontal velocity. We finally arrive at
Such a result will be used in the consistency analysis below.
5. Construction of approximate solutions. In this section we perform consistency analysis of the numerical difference scheme. The goal is to construct approximate velocity and density profiles and show that they satisfy the numerical scheme (3.2) up to an O(h 2 ) error. to maintain the consistency, especially near the boundary,
The profile for the vertical derivative of the horizontal velocity (ξ 0 , ζ 0 ) is taken as the exact solution (ξ e , ζ e ). The approximate profile for total velocity field in horizontal direction U 0 , V 0 is given by the solution of the following discrete system at each fixed horizontal grid point (i, j):
which is analogous to (3.2c). The solver for the above system is outlined in section 3.3. The approximate vertical velocity W 0 is given by the following discrete equations analogous to (3.2d):
For the density field, we choose the leading order approximation as
in which ρ e denotes the exact density function. The reason for the addition of an O(h 2 ) correction terms h 2 Θ * in the expansion (5.4) is due to the higher order consistency of the approximate profile Θ with the boundary condition given in the numerical scheme (3.2e). The correction function Θ * turns out to be the solution of the Poisson equation
with the Neumann boundary condition
The number C 1 (a function in time t) is chosen as
maintain the consistency that follows from the Neumann boundary condition, i.e., The approximate solutions V 0 , W 0 , Ω 0 , Ψ 0 , Θ 0 are proven to satisfy the following estimates with the local error terms
Local truncation error analysis for the leading order expansion V 0 ,
We first look at the mean profile V 0 , Ω 0 . A direct Taylor expansion for ψ e up to the boundary shows that at grid points (
(5.9)
As a result, we have
According to the analysis in section 4.2, the second order accuracy is valid between the constructed solution and the exact solution for the horizontal velocity, provided that the exact mean velocity field and exact profile (ξ e , ζ e ) is used in the numerical procedure (3.2c). See the result in (4.38). Moreover, it is straightforward to prove that a second order approximation is preserved if the exact mean velocity used in the numerical solver is replaced by the approximation V 0 , i.e.,
The combination of (5.11) and (5.10) leads to
For the vertical velocity, the analysis in section 4.1 gives us 13) since the exact profile of (ξ e , ζ e ) was used in the numerical solver for W 0 in (5.3). See (4.12).
For the density field, it is obvious that an application of the Schauder estimate to the Poisson equation (5.5) results in
Consequently, we have
whose insertion into the expansion (5.4) results in 
Meanwhile, the Taylor expansion of ω e reads
The combination of (5.17) and (5.18) leads to the estimate of the diffusion term 19) at grid points (
The nonlinear convection terms can be dealt with in a similar fashion. The estimate (5.12) implies that
which in term shows
Meanwhile, the Taylor expansion for v e reads
The combination of (5.21) and (5.20b) gives
Using the same argument, we obtaiñ
The difference between the time marching term ∂ t Ω 0 and the exact value ∂ t ω e can be controlled by O(h 2 ) of ∂ t ψ e C 4 :
Moreover, applying the Schauder estimate to the following Poisson equation 25) shows that
Note that the mean vorticity equation was applied in the second step. Consequently, the following estimate holds In addition, regarding the boundary condition for the mean vorticity, we need to show that Ω 0 satisfies Wilkes' formula applied to Ψ 0 up to an O(h 2 ) error.
C. WANG
For simplicity of presentation, only one boundary section Γ x ∈ ∂M 0 , j = 0, is considered. The other three boundary sections can be dealt with in the same way. One-sided Taylor expansion for Ψ 0 in the y-th direction near y = 0 gives
Meanwhile, (5.9) shows that the difference between Ω 0 i,0 and ω e (x i , 0) on Γ x is also of order O(h 2 ) ψ e C 4 . Then we get the boundary estimate for the mean vorticity in (5.7a).
5.2.2.
Truncation error for the evolution equations of (ξ, ζ). Using similar arguments, we have the following estimates
Consequently, the exact profile (ξ e , ζ e ) combined with the constructed velocity V 0 , W 0 and the density Θ 0 satisfies the numerical difference scheme with an O(h 2 ) error, as shown in (5.7b), and the homogeneous Dirichlet boundary condition for (ξ e , ζ e ) is exactly satisfied.
Truncation error for the density transport equation.
Applying the estimates for the constructed velocity and density field as shown in (5.10), (5.11) and (5.14), we can deal with the terms of the density transport equation in a similar way
The combination of (5.33) and (5.34) gives (5.7e). Moreover, the approximated density Θ 0 satisfies the discrete boundary condition in (3.29e) up to an O(h 5 ) order, due to the choice of the boundary condition for Θ * in (5.5b). Local Taylor expansion for the exact density field ρ e around the boundary gives
by using the no-flux boundary condition for ρ e on all the six boundary sections. Performing Taylor expansion of Θ * gives
where the boundary condition (5.5b) and the Schauder estimate Θ * C 3 ≤ C ρ e C 5,α given by (5.12) are used. The combination of (5.35) and (5.36) results in
Similar results can be obtained at the other boundary section z = 0, x = 1, y = 1. This finishes the consistency analysis for the leading order approximate profile.
5.3.
Higher order expansion of the numerical scheme. However, the consistency analysis (5.7) is not enough to recover the L ∞ a-priori assumption for the numerical value of the vertical velocity field in the full nonlinear system of the PEs. We make the following expansion for the approximate solution corresponding to the numerical scheme (3.2)
(5.38) The expanded profile satisfy the numerical scheme on the regular grid up to order O(h 4 ):
in which the local truncation error and the boundary error terms are bounded in the L ∞ norm 
with C was introduced in Theorem 3.1. This estimate will be used later.
6. Proof of the convergence theorem. We denote the following error functions
Subtracting (3.2) from (5.39) gives the following system for the error functions:
(6.2e)
The convergence of the numerical scheme is based on the energy estimate of the above system. The following preliminary results will be needed in the detailed analysis for the error functions. The verification is straightforward and the proof is skipped.
Note that C 1 , C 2 depends only on the geometric size of M and H 0 . In the analysis of the error function presented in the following sections, we assume a-priori that
Such a-priori assumption will be verified later by the inverse inequality given in (6.3a). Furthermore, the system of the difference equations (6.2c), (6.2d) shows that
(6.5) Therefore, the a-priori assumption indicates the following L ∞ bound for the error functions of both the horizontal and vertical velocities 
The time marching term and the diffusion term can handled by using the homogeneous Dirichlet boundary condition forψ in the discrete Poisson equation, along with summation by parts on regular numerical grid The term I 2 can be controlled by Cauchy inequality The purpose of this transformation is to control local terms by global terms as can be seen later. Such methodology can be found in [28] for the treatment of the usual 2-D Navier-Stokes equations. Plugging (6.12) back into I 1 indicates 13) and applying Cauchy inequality to the second term shows that
(6.14)
Consequently, we arrive at The two global terms in (6.16) can be controlled by the diffusion term ω 2 2 . The following lemma is necessary. With the introduction of eigenvalues 
The combined estimates of (6.22), (6.26) and (6.27) results in 28) which is equivalent to the second inequality in (6.17). Lemma 6.1 is proven.
